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MIXING AND DECORRELATION IN INFINITE MEASURE: THE CASE
OF THE PERIODIC SINAI BILLIARD
FRANC¸OISE PE`NE
Abstract. We investigate the question of the rate of mixing for observables of a Zd-extension
of a probability preserving dynamical system with good spectral properties. We state general
mixing results, including expansions of every order. The main part of this article is devoted to
the study of mixing rate for smooth observables of the Z2-periodic Sinai billiard, with different
kinds of results depending on whether the horizon is finite or infinite. We establish a first order
mixing result when the horizon is infinite. In the finite horizon case, we establish an asymptotic
expansion of every order, enabling the study of the mixing rate even for observables with null
integrals.
Introduction
Let (M,ν, T ) be a dynamical system, that is a measure space (M,ν) endowed with a mea-
surable transformation T :M →M which preserves the measure ν. The mixing properties deal
with the asymptotic behaviour, as n goes to infinity, of integrals of the following form
Cn(f, g) :=
∫
M
f.g ◦ T n dν,
for suitable observables f, g :M → C.
Mixing properties of probability preserving dynamical systems have been studied by many
authors. It is a way to measure how chaotic the dynamical system is. A probability preserving
dynamical system is said to be mixing if Cn(f, g) converges to
∫
M f dν
∫
M g dν for every square
integrable observables f, g. When a probability preserving system is mixing, a natural question
is to study the decorrelation rate, i.e. the rate at which Cn(f, g) converges to zero when f or
g have null expectation. This crucial question is often a first step before proving probabilistic
limit theorems (such as central limit theorem and its variants). The study of this question has a
long history. Such decays of covariance have been studied for wide classes of smooth observables
f, g and for many probability preserving dynamical systems. In the case of the Sinai billiard,
such results and further properties have been established in [26, 3, 4, 1, 2, 30, 6, 27, 28].
We are interested here in the study of mixing properties when the invariant measure ν is σ-
finite. In this context, as noticed in [13], there is no satisfactory notion of mixing. Nevertheless
the question of the rate of mixing for smooth observables is natural. A first step in this direction
is to establish results of the following form:
lim
n→+∞αnCn(f, g) =
∫
M
f dν
∫
M
g dν . (1)
Such results have been proved in [29, 15, 10, 5, 14] for a wide class of models and for smooth
functions f, g, using induction on a finite measure subset of M .
An alternative approach, specific to the case of Zd-extensions of probability preserving dy-
namical system, has been pointed out in [21]. The idea therein is that, in this particular context,
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(1) is related to a precised local limit theorem. In the particular case of the Z2-periodic Sinai
billiard with finite horizon, it has been proved in [21] that
Cn(f, g) =
c0
n
∫
M
f dν
∫
M
g dν + o(n−1) ,
for some explicit constant c0, for some dynamically Lipschitz functions, including functions with
full support in M .
This paper is motivated by the question of high order expansion of mixing and by the study of
the mixing rate for observables with null integrals. This last question can be seen as decorrelation
rate in the infinite measure. Let us mention the fact that it has been proved in [23], for the
billiard in finite horizon, that sums
∑
k∈Z
∫
M f.f ◦ T k dν are well defined for some observables
f with null expectation. In the present paper, we use the approach of [21] to establish, in the
context of the Z2-periodic Sinai billiard with finite horizon, a high order mixing result of the
following form:
Cn(f, g) =
K−1∑
m=0
cm(f, g)
n1+m
+ o(n−K) . (2)
This estimate enables the study of the rate of convergence of nCn(f, g) to
∫
M f dν
∫
M g dν and,
most importantly, it enables the study of the rate of decay of Cn(f, g) for functions f or g with
integral 0. In general, if f or g have zero integral we have
Cn(f, g) ∼ c1(f, g)
n2
,
but it may happen that
Cn(f, g) ∼ c2(f, g)
n3
,
and even that Cn(f, g) = o(n
−3). For example, (2.6) gives immediately that, if
∫
M f dν
∫
M g dν 6=
0, then
Cn(f − f ◦ T, g) = Cn(f, g)− Cn−1(f, g)
∼ −c0
∫
M f dν.
∫
M g dν
n2
=
c1(f − f ◦ T, g)
n2
(3)
and
Cn(2f − f ◦ T − f ◦ T−1, g) = Cn(f − f ◦ T, g − g ◦ T )
= 2Cn(f, g)− Cn−1(f, g)− Cn+1(f, g)
∼ −2c0
n3
∫
M
f dν
∫
M
g dν =
c2(f − f ◦ T, g − g ◦ T )
n3
.
General formulas for the dominating term will be given in Theorem 4.5, Remark 4.6 and Corol-
lary 4.7. In particular c1(f, g) and c2(f, g) will be precised.
We point out the fact that the method we use is rather general in the context of Zd-extensions
over dynamical systems with good spectral properties, and that, to our knowledge, these are the
first results of this kind for dynamical systems preserving an infinite measure.
We establish moreover an estimate of the following form for smooth observables of the Z2-
periodic Sinai billiard with infinite horizon:
Cn(f, g) =
c0
n log n
∫
M
f dν
∫
M
g dν + o((n log n)−1) .
The paper is organized as follows. In Section 1, we present the model of the Z2-periodic Sinai
billiard and we state our main results for this model (finite/infinite horizon). In Section 2, we
state general mixing results for Zd-extensions of probability preserving dynamical systems for
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which the Nagaev-Guivarc’h perturbation method can be implemented. In Section 3, we recall
some facts on the towers constructed by Young for the Sinai billiards. In Section 4, we prove
our main results for the billiard in finite horizon (see also Appendix A for the computation of
the first coefficients). In Section 5, we prove our result for the billiard in infinite horizon.
1. Main results for Z2-periodic Sinai billiards
Let us introduce the Z2-periodic Sinai billiard (M,ν, T ).
Billiards systems modelise the behaviour of a point particle moving at unit speed in a domain
Q and bouncing off ∂Q with respect to the Descartes reflection law (incident angle=reflected
angle). We assume here that Q := R2 \⋃ℓ∈Z2 ⋃Ii=1(Oi+ ℓ), with I ≥ 2 and where O1, ..., OI are
convex bounded open sets (the boundaries of which are C3-smooth and have non null curvature).
We assume that the closures of the obstacles Oi + ℓ are pairwise disjoint. The billiard is said to
have finite horizon if every line in R2 meets ∂Q. Otherwise it is said to have infinite horizon.
We consider the dynamical system (M,ν, T ) corresponding to the dynamics at reflection times
which is defined as follows. Let M be the set of reflected vectors off ∂Q, i.e.
M := {(q, ~v) ∈ ∂Q× S1 : 〈~n(q), ~v〉 ≥ 0},
where ~n(q) stands for the unit normal vector to ∂Q at q directed inward Q. We decompose this
set into M :=
⋃
ℓ∈Z2 Cℓ, with
Cℓ :=
{
(q, ~v) ∈M : q ∈
I⋃
i=1
(∂Oi + ℓ)
}
.
The set Cℓ is called the ℓ-cell. We define T :M →M as the transformation mapping a reflected
vector at a reflection time to the reflected vector at the next reflection time. We consider the
measure ν absolutely continuous with respect to the Lebesgue measure on M , with density
proportional to (q, ~v) 7→ 〈~n(q), ~v〉 and such that ν(C0) = 1.
Because of the Z2-periodicity of the model, there exists a transformation T¯ : C0 → C0 and a
function κ : C0 → Z2 such that
∀((q, ~v), ℓ) ∈ C0 × Z2, T (q + ℓ, ~v) =
(
q′ + ℓ+ κ(q, ~v), ~v′
)
, if T¯ (q, ~v) = (q′, ~v′). (4)
This allows us to define a probability preserving dynamical (M¯ , µ¯, T¯ ) (the Sinai billiard) by
setting M¯ := C0 and µ¯ = ν|C0 . Note that (4) means that (M,ν, T ) can be represented by the
Z2-extension of (M¯ , µ¯, T¯ ) by κ. In particular, iterating (4) leads to
∀((q, ~v), ℓ) ∈ C0 × Z2, T n(q + ℓ, ~v) =
(
q′n + ℓ+ Sn(q, ~v), ~v
′
n
)
, (5)
if T¯ n(q, ~v) = (q′n, ~v′n) and with the notation
Sn :=
n−1∑
k=0
κ ◦ T¯ k.
The set of tangent reflected vectors S0 given by
S0 := {(q, ~v) ∈M : 〈~v, ~n(q)〉 = 0}
plays a special role in the study of T . Note that T defines a C1-diffeomorphism from M \ (S0 ∪
T−1(S0)) to M \ (S0 ∪ T (S0)).
Statistical properties of (M¯, µ¯, T¯ ) have been studied by many authors since the seminal article
[26] by Sinai.
In the finite horizon case, limit theorems have been established in [4, 2, 30, 6], including
the convergence in distribution of (Sn/
√
n)n to a centered gaussian random variable B with
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nondegenerate variance matrix Σ2 given by:
Σ2 :=
∑
k∈Z
Eµ¯[κ⊗ κ ◦ T¯ k] ,
where we used the notation X ⊗ Y for the matrix (xiyj)i,j , for X = (xi)i, Y = (yj)j ∈ C2.
Moreover a local limit theorem for Sn has been established in [27] and some of its refinements
have been stated and used in [9, 19, 20, 22] with various applications. Recurrence and ergodicity
of this model follow from [8, 24, 27, 25, 18].
In the infinite horizon case, a result of exponential decay of correlation has been proved in [6].
A nonstandard central limit theorem (with normalization in
√
n log n) and a local limit theorem
have been established in [28], ensuring recurrence and ergodicity of the infinite measure system
(M,ν, T ). This result states in particular that (Sn/
√
n log n)n converges in distribution to a
centered gaussian distribution with variance Σ2∞ given by
Σ2∞ :=
∑
x∈S0|T¯ x=x
d2x
2|κ(x)| ∑Ii=1 |∂Oi|(κ(x))⊗2 ,
where dx is the width of the corridor corresponding to x.
Our main results provide mixing estimates for dynamically Lipschitz functions. Let us intro-
duce this class of observables. Let ξ ∈ (0, 1). We consider the metric dξ on M given by
∀x, y ∈M, dξ(x, y) := ξs(x,y),
where s is a separation time defined as follows: s(x, y) is the maximum of the integers k ≥ 0 such
that x and y lie in the same connected component of M \⋃kj=−k T−jS0. For every f :M → C,
we write Lξ(f) for the Lipschitz constant with respect to dξ:
Lξ(f) := sup
x 6=y
|f(x)− f(y)|
dξ(x, y)
.
We then set
‖f‖(ξ) := ‖f‖∞ + Lξ(f) .
Before stating our main result, let us introduce some additional notations.
We will work with symmetric multilinear forms. For any A = (Ai1,...,im)(i1,...,im)∈{1,2}m and
B = (Bi1,...,ik)(i1,...,ik)∈{1,2}k with complex entries (A and B are identified respectively with a
m-multilinear form on C2 and with a k-multilinear form on C2), we define A⊗B as the element
C of C{1,2}
m+m′
(identified with a (m+m′)-multilinear form on C2) such that
∀i1, , ..., im+m′ ∈ {1, 2}, C(i1,,...,im+m′) = A(i1,...,im)B(im+1...,im+m′).
For any A = (Ai1,...,im)(i1,...,im)∈{1,2}m and B = (Bi1,...,ik)(i1,...,ik)∈{1,2}k symmetric with complex
entries with k ≤ m, we define A ∗ B as the element C of C{1,2}m−k (identified with a (m − k)-
multilinear form on C2) such that
∀i1, , ..., im−k ∈ {1, 2}, C(i1,,...,im−k) =
∑
im−k+1,...,im∈{1,2}
A(i1,...,im)B(im−k+1,...,im).
We identify naturally vectors in C2 with 1-linear functions and symmetric matrices with sym-
metric bilinear functions. For any Cm-smooth function F : C2 → C, we write F (m) for its m-th
differential, which is identified with a m-linear function on C2. We write A⊗k for the product
A⊗ ...⊗A. Observe that, with these notations, Taylor expansions of F at 0 are simply written
m∑
k=0
F (k)(0) ∗ x⊗k .
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It is also worth noting that A ∗ (B ⊗ C) = (A ∗ B) ∗ C, for every A,B,C corresponding to
symmetric multilinear forms with respective ranks m,k, ℓ with m ≥ k + ℓ.
We extend the definition of κ to M by setting κ((q+ ℓ, ~v)) = κ(q, ~v) for every (q, ~v) ∈ M¯ and
every ℓ ∈ Z2. For every k ∈ Z and every x ∈ M , we write Ik(x) for the label in Z2 of the cell
containing T kx, i.e. Ik is the label of the cell in which the particle is at the k-th reflection time.
It is worth noting that, for n ≥ 0, we have In−I0 =
∑n−1
k=0 κ◦T k and I−n−I0 = −
∑−1
k=−n κ◦T k.
Now let us state our main results, the proofs of which are postponed to Section 4. We start
by stating our result in the infinite horizon case, and then we will present sharper results in the
finite horizon case.
1.1. Z2-periodic Sinai billiard with infinite horizon.
Theorem 1.1. Let (M,ν, T ) be the Z2-periodic Sinai billiard with infinite horizon. Suppose that
the set of corridor free flights {κ(x), x ∈ S0, T¯ x = x} spans R2. Let f, g :M → C (with respect
to dξ) be two dynamically Lipschitz continuous functions such that∑
ℓ∈Z2
(‖f1Cℓ‖∞ + ‖g1Cℓ‖∞) <∞ . (6)
Then ∫
M
f.g ◦ T n dν = 1
2π
√
detΣ2∞ n log n
(∫
M
f dν
∫
M
g dν + o(1)
)
.
1.2. Z2-periodic Sinai billiard with finite horizon. We first state our result providing an
expansion of every order for the mixing (see Theorem 4.5 and Corollary 4.7 for more details).
Theorem 1.2. Let K be a positive integer. Let f, g : M → C be two dynamically Lipschitz
continuous observables such that∑
ℓ∈Z2
|ℓ|2K−2(‖f1Cℓ‖(ξ) + ‖g1Cℓ‖(ξ)) <∞ ,
then there exist c0(f, g), ..., cK−1(f, g) such that∫
M
f.g ◦ T n dν =
K−1∑
m=0
cm(f, g)
n1+m
+ o(n−K) .
We precise in the following theorem the expansion of order 2.
Theorem 1.3. Let f, g :M → R be two bounded observables such that∑
ℓ∈Z2
|ℓ|2(‖f1Cℓ‖(ξ) + ‖g1Cℓ‖(ξ)) <∞ .
Then ∫
M
f.g ◦ T n dν = 1
2π
√
detΣ2
{
1
n
∫
M
f dν
∫
M
g dν +
1
2n2
Σ−2 ∗ A˜2(f, g)
+
1
4!n2
∫
M
f dν
∫
M
g dν (Σ−2)⊗2 ∗ Λ4
}
+ o(n−2) , (7)
with Σ−2 = (Σ2)−1 and
A˜2(f, g) := −
∫
M
f dνB−2 (g) −
∫
M
g dνB+2 (f)−
∫
M
f dν
∫
M
g dνB0 + 2B
+
1 (f)⊗B−1 (g) ,
B
+
2 (f) := limm→+∞
∫
M
f.
(I⊗2m −mΣ2) dν ,
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B
−
2 (g) := limm→−∞
∫
M
g.
(I⊗2m − |m|Σ2) dν ,
B
+
1 (f) := limm→+∞
∫
M
f.Im dν , B−1 (g) := limm→−∞
∫
M
g.Im dν ,
B0 = lim
m→+∞(mΣ
2 − Eµ¯[S⊗2m ])
and
Λ4 := lim
n→+∞
Eµ¯[S
⊗4
n ]− 3n2(Σ2)⊗2
n
+ 6Σ2 ⊗B0 .
Observe that we recover (3) since Σ2 ∗Σ−2 = 2,
B
+
1 (f − f ◦ T ) = limm→+∞
∫
M
f.κ ◦ Tm dν = 0
and
B
+
2 (f − f ◦ T ) = limn→+∞
∫
M
f.(I⊗2m − I⊗2m−1)
= lim
m→+∞
∫
M
f.
(
κ⊗2 ◦ Tm−1 + 2
m−2∑
k=0
(κ ◦ T k)⊗ κ ◦ Tm−1
)
dν
= lim
m→+∞
∫
M
f dνEµ¯
[
κ⊗2 + 2
m−1∑
k=1
κ⊗ κ ◦ T k
]
,
= Σ2
∫
M
f dν ,
where we used Proposition A.1.
Remark 1.4. Note that
B
+
2 (f) =
∑
j,m≥0
∫
M
f.
(
κ ◦ T j ⊗ κ ◦ Tm − Eµ¯[κ ◦ T¯ j ⊗ κ ◦ T¯m]
)
dν
+
∫
M
fI⊗20 dν + 2
∑
m≥0
∫
M
f.I0 ⊗ κ ◦ T¯m dν −B0
∫
M
f dν ,
B
−
2 (g) =
∑
j,m≤−1
∫
M
g.(κ ◦ T j ⊗ κ ◦ Tm − Eµ¯[κ ◦ T¯ j ⊗ κ ◦ T¯m]) dν
+
∫
M
g.I⊗20 dν − 2
∑
m≤−1
∫
M
g.I0 ⊗ κ ◦ Tm dν −B0
∫
M
g dν ,
B
+
1 (f) =
∑
m≥0
∫
M
f.κ ◦ Tm dν +
∫
M
f.I0 dν ,
B
−
1 (g) = −
∑
m≤−1
∫
M
g.κ ◦ Tm dν +
∫
M
g.I0 dν ,
and
B0 =
∑
m∈Z
|m|Eµ¯[κ⊗ κ ◦ T¯m] .
Corollary 1.5. Under the assumptions of Theorem 1.3, if
∫
M f dν = 0 and
∫
M g dν = 0, then∫
M
f.g ◦ T n dν = Σ
−2 ∗ (B+1 (f)⊗B−1 (g))
n2 2π
√
detΣ2
+ o(n−2) .
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Two natural examples of zero integral functions are 1C0 − 1Ce1 with e1 = (1, 0) or fC0 with∫
C0 f dν = 0. Note that∫
M
((1C0 − 1Ce1 ).(1C0 − 1Ce1 ) ◦ T n) dν ∼
σ22,2
n2 2π(det Σ2)3/2
,
with Σ2 = (σ2i,j)i,j=1,2 and that∫
M
(f1C0 .1C0 ◦ T n) dν ∼ −
1
n2 2π(det Σ2)3/2
∑
m≥0
Eµ¯[f.(σ
2
2,2κ1 + σ
2
1,1κ2) ◦ Tm] ,
with κ = (κ1, κ2), provided the sum appearing in the last formula is non null. As noticed in
introduction, it may happen that (7) provides only
∫
M f.g ◦ T n = o(n−2). This is the case for
example if
∫
M g dν = 0 and if f has the form f(q + ℓ, ~v) = f0(q, ~v).hℓ with Eµ¯[f0] = 0 and∑
ℓ hℓ = 0.
Hence it can be useful to go further in the asymptotic expansion, which is possible thanks
to Theorem 4.5. A formula for the term of order n−3 when
∫
M f dν =
∫
M g dν = A˜2(f, g) = 0
is stated in theorem 4.8 and gives the following estimate, showing that, for some observables,
Cn(f, g) has order n
−3.
Proposition 1.6. If f and g can be decomposed in f(q + ℓ, ~v) = f0(q, ~v).hℓ and g(q + ℓ, ~v) =
g0(q, ~v).qℓ with Eµ¯[f0] = Eµ¯[g0] = 0 and
∑
ℓ qℓ =
∑
ℓ hℓ = 0 such that
∑
ℓ∈Z2 |ℓ|4(‖f1Cℓ‖(ξ) +
‖g1Cℓ‖(ξ)) <∞. Then∫
M
f.g ◦ T n dν = (Σ
−2)⊗2
2π
√
detΣ2n3
∗ B
+
2 (f)⊗B−2 (g)
4
+ o(n−3) ,
with here
B
+
2 (f)⊗B−2 (g)
4
= −
∑
ℓ∈Z2
hℓ.ℓ
⊗
∑
j≥0
Eµ¯[f0.κ ◦ T j]
⊗
∑
ℓ∈Z2
qℓ.ℓ
⊗
 ∑
m≤−1
Eµ¯[g0.κ ◦ Tm]
 .
2. General results for Zd-extensions and key ideas
In this section we state general results in the general context of Zd-extensions over dynamical
systems satisfying good spectral properties. This section contains the rough ideas of the proofs
for the billiard, without some complications due to the quotient tower. Moreover the generality
of our assumptions makes our results implementable to a wide class of models with present and
future developments of the Nagaev-Guivarch method of perturbation of transfer operators.
We consider a dynamical system (M,ν, T ) given by the Zd-extension of a probability preserv-
ing dynamical system (M¯ , µ¯, T¯ ) by κ : M¯ → Zd. This means that M = M¯ × Zd, ν = µ¯ ⊗ md
where md is the counting measure on Z
d and with
∀(x, ℓ) ∈ M¯ × Zd, T (x, ℓ) = (T¯ (x), ℓ+ κ(x)) ,
so that
∀(x, ℓ) ∈ M¯ × Zd, ∀n ≥ 1, T n(x, ℓ) = (T¯ n(x), ℓ+ Sn(x)) ,
with Sn :=
∑n−1
k=0 κ◦ T¯ k. Let P be the transfer operator of T¯ , i.e. the dual operator of f 7→ f ◦ T¯ .
Our method is based on the following key fomulas:∫
M
f.g ◦ T n dν =
∑
ℓ,ℓ′∈Z2
Eµ¯[f(·, ℓ).1Sn=ℓ′−ℓ.g(T¯ n(·), ℓ′)] (8)
=
∑
ℓ,ℓ′∈Zd
Eµ¯[P
n(1Sn=ℓ′−ℓ f(·, ℓ))g(·, ℓ′)] (9)
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and
Pn(1Sn=ℓ u) =
1
(2π)d
∫
[−π,π]d
e−it∗ℓPn(eit∗Snu) dt
=
1
(2π)d
∫
[−π,π]d
e−it∗ℓPnt (u) dt , (10)
with Pt := P (e
it∗κ·). Note that (9) makes a link between mixing properties and the local limit
theorem and that (10) shows the importance of the study of the family of perturbed operators
(Pt)t in this study.
We will make the following general assumptions about (Pt)t.
Hypothesis 2.1 (Spectral hypotheses). There exist two complex Banach spaces (B, ‖·‖) and
(B0, ‖ · ‖0) such that:
• B →֒ B0 →֒ L1(M¯ , µ¯) and 1M¯ ∈ B ,
• there exist constants b ∈ (0, π], C > 0 and ϑ ∈ (0, 1) and three functions λ· : [−b, b]d → C
and Π·, R· : [−b, b]d → L(B,B) such that limt→0 λt = 1 and limt→0 ‖Πt−Eµ[·]1M¯‖L(B,B0) =
0 and such that, in L(B,B),
∀u ∈ [−b, b]d, Pu = λuΠu +Ru, ΠuRu = RuΠu = 0, Π2u = Πu , (11)
sup
u∈[−b,b]d
‖Rku‖L(B,B0) ≤ Cϑk, sup
u∈[−π,π]d\[−b,b]d
‖P ku ‖L(B,B0) ≤ Cϑk. (12)
Note that (11) ensures that
∀u ∈ [−b, b], Pnu = λnuΠu +Rnu . (13)
We will make the following assumption on the expansion of λ at 0.
Hypothesis 2.2. Let Y be a random variable with integrable characteristic function a. := e
−ψ(·)
and with density function Φ. Assume that there exists a sequence of invertible matrices (Θn)n
such that limn→+∞Θ−1n = 0 and
∀u, λntΘ−1n ·u ∼ e
−ψ(u) = au , as n→ +∞ (14)
(where tΘ−1n stands for the transpose matrix of Θ−1n ) and
∀u ∈ [−b, b]d, |λnu| ≤ 2
∣∣∣e−ψ(tΘn·u)∣∣∣ .
Note that, under Hypothesis 2.1 and if (14) holds true, then
∀u ∈ Rd, e−ψ(u) = lim
n→+∞λ
n
tΘ−1n ·u = limn→+∞Eµ¯[P
n
tΘ−1n ·u1] = limn→+∞Eµ¯[e
iu∗(Θ−1n Sn)],
and so (Θ−1n Sn)n converges in distribution to Y . If Y has a stable distribution of index α ∈
(0, 2] \ {1}, i.e.
ψ(u) =
∫
S1
|u ∗ s|α(1 + tan π
α
sign(u ∗ s)) dΓ(u),
where Γ is a Borel measure on the unit sphere S1 = {x ∈ Rd : x ∗ x = 1} and if
λu = e
−ψ(u)L(|u|−1) + o
(|u|αL(|u|−1)) , as u→ 0 ,
with L slowly varying at infinity, then Hypothesis 2.2 holds true with Θn := an Id with an :=
inf{x > 0 : n|x|−αL(x) ≥ 1} .
But Hypothesis 2.2 allows also the study of situations with anisotropic scaling.
Before stating our first general result, let us introduce an additional notation. Under Hypoth-
esis 2.1, for any function u : M¯ → C, we write ‖u‖B′0 := suph∈B0 |Eµ¯[u.h]|.
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Theorem 2.3. Assume Hypotheses 2.1 and 2.2. Let f, g :M → C be such that
‖f‖+ :=
∑
ℓ∈Zd
‖f(·, ℓ)‖ <∞ and ‖g‖+,B′0 :=
∑
ℓ∈Zd
‖g(·, ℓ)‖B′0 <∞.
Then ∫
M
f.g ◦ T n dν = Φ(0)
detΘn
(∫
M
f dν
∫
M
g dν + o(1)
)
, as n→ +∞ .
Proof. For every positive integer n and every ℓ ∈ Zd, combining (10) with Hypothesis 2.1, the
following equalities hold in L(B,B0):
Pn(1Sn=ℓ·) =
1
(2π)d
∫
[−b,b]d
e−it∗ℓλnt Πt(·) dt+O(ϑn)
=
1
(2π)d detΘn
∫
tΘn[−b,b]d
e−iu∗(Θ
−1
n ℓ)λntΘ−1n u
ΠtΘ−1n u(·) du +O(ϑ
n)
=
1
(2π)d detΘn
∫
Rd
e−iu∗(Θ
−1
n ℓ)e−ψ(u)Π0(·) du + εn,ℓ
=
Φ(Θ−1n ℓ)
detΘn
Π0 + εn,ℓ , (15)
with supℓ ‖εn,ℓ‖L(B,B0) = o(detΘ−1n ) due to the dominated convergence theorem applied to∥∥∥λntΘ−1n uΠtΘ−1n u − e−ψ(u)Π0∥∥∥L(B,B0) 1tΘn[−b,b]d(u). Setting uℓ := f(·, ℓ) and vℓ := g(·, ℓ) and using
(9), we obtain∫
M
f.g ◦ T n dν =
∑
ℓ,ℓ′∈Zd
(
Φ(Θ−1n (ℓ′ − ℓ))
detΘn
Eµ¯[uℓ]Eµ¯[vℓ′ ] + Eµ¯[vℓ′εn,ℓ(uℓ)]
)
=
∑
ℓ,ℓ′∈Zd
(
Φ(Θ−1n (ℓ′ − ℓ))
detΘn
Eµ¯[uℓ]Eµ¯[vℓ′ ]
)
+O
 ∑
ℓ,ℓ′∈Zd
‖vℓ′‖B′0 ‖εn,ℓ‖L(B,B0)‖uℓ‖

=
∑
ℓ,ℓ′∈Zd
Φ(Θ−1n (ℓ′ − ℓ))
detΘn
Eµ¯[uℓ]Eµ¯[vℓ′ ] + ε˜n(f, g) , (16)
with limn→+∞ supf,g
detΘn ε˜n(f,g)
‖g‖+,B′
0
‖f‖+ = 0. Now, due to the dominated convergence theorem and
since Φ is continuous and bounded,
lim
n→+∞
∑
ℓ,ℓ′∈Zd
Φ
(
Θ−1n (ℓ
′ − ℓ))Eµ¯[uℓ]Eµ¯[vℓ′ ] = Φ(0) ∑
ℓ,ℓ′∈Z2
Eµ¯[uℓ]Eµ¯[vℓ′ ] = Φ(0)
∫
M
f dν
∫
M
g dν ,
which ends the proof. 
We will reinforce Hypothesis 2.2. Notations λ
(k)
0 , a
(k)
0 , Π
(k)
0 stand for the k-th derivatives of
λ, a and Π at 0.
Theorem 2.4. Assume Hypothesis 2.1 with B0 = B. Let K,M,P be three integers such that
K ≥ d/2, 3 ≤ P ≤M + 1 and
−
⌊
M
P
⌋
+
M
2
≥ K . (17)
Assume moreover that λ· is CM -smooth and that there exists a positive symmetric matrix Σ2
such that
λu − 1 ∼ −ψ(u) := −1
2
Σ2 ∗ u⊗2 , as u→ 0 . (18)
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Assume that, for every k < P , λ
(k)
0 = a
(k)
0 with at = e
−ψ(t), for every k < P . Assume moreover
that the functions Π and R are C2K-smooth. Let f, g :M → C be such that∑
ℓ∈Zd
(‖f(·, ℓ)‖ + ‖g(·, ℓ)‖B′ ) <∞ . (19)
Then∫
M
f.g◦T n dν =
∑
ℓ,ℓ′∈Zd
2K∑
m=0
1
m!
M∑
j=0
im+j
(j)!
Φ(m+j)
(
ℓ′−ℓ
an
)
n
d+m+j
2
∗(Eµ¯[vℓ′Π(m)0 (uℓ)]⊗(λn/an)(j)0 )+o(n−K−
d
2 ) .
(20)
If moreover
∑
ℓ∈Zd |ℓ|2K(‖f(·, ℓ)‖ + ‖g(·, ℓ)‖B′ ) <∞, then∫
M
f.g ◦ T n dν =
∑
m,j,r
ij+m
m! r! j!
(
Φ(j+m+r)(0)
n
j+d+m+r
2
∗ (λn/an)(j)0
)
∗
∑
ℓ,ℓ′∈Zd
(ℓ′ − ℓ)⊗r ⊗ Eµ¯[vℓ′Π(m)0 (uℓ)] + o(n−K−
d
2 ) , (21)
where the sum is taken over the (m, j, r) with m, j, r non negative integers such that j+m+r ∈ 2Z
and r+m+j2 − ⌊ jP ⌋ ≤ K.
Observe that
(λn/an)
(j)
0 =
∑
k1m1+...+krmr=j
n!
m1! · · ·mr!(n −m1 − ...−mr)!((λ/a)
(k1)
0 )
m1 · · · ((λ/a)(kr)0 )mr ,
where the sum is taken over r ≥ 1, m1, ...,mr ≥ 1, kr > ... > k1 ≥ P (this implies that
m1 + ...+mr ≤ j/P ). Hence (λn/an)(j)0 is polynomial in n with degree at most ⌊j/P ⌋.
Remark 2.5. Note that (17) holds true as soon as M ≥ 2KP/(P − 2) and M in (20) can be
replaced by (2K −m)P/(P − 2).
Moreover (21) provides an expansion of the following form:∫
M
f.g ◦ T n dν =
K∑
m=0
cm(f, g)
n
d
2
+m
+ o(n−K−
d
2 ) .
Remark 2.6. If Π is CM -smooth, using the fact (λn/an)
(j)
0 = O(n
⌊j/P ⌋), if
∑
ℓ∈Zd |ℓ|M (‖f(·, ℓ)‖+
‖g(·, ℓ)‖B′ ) <∞ the right hand side of (21) can be rewritten
1
n
d
2
∑
ℓ,ℓ′∈Zd
M∑
L=0
1
nL/2
Φ(L)(0)
L!
iL
∂L
∂tL
(
Eµ¯
[
vℓ′ .e
−it∗(ℓ′−ℓ).λnt Πt.uℓ
]
e
n
2
Σ2∗t⊗2
)
|t=0
+ o(n−K−
d
2 ) .
If moreover supu∈[−b,b]d ‖(Rnu)(m)‖(B,B) = O(ϑn) for every m = 0, ...,M , then it can also be
rewritten
1
n
d
2
∑
ℓ,ℓ′∈Zd
M∑
L=0
Φ(L)(0)
L!
iL
∂L
∂tL
(
Eµ¯
[
uℓ.e
it∗Sn−(ℓ′−ℓ)√
n .vℓ′ ◦ T¯ n
]
e
1
2
Σ2∗t⊗2
)
|t=0
+ o(n−K−
d
2 ) ,
where we used (13).
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Proof of Theorem 2.4. We assume, up to a change of b that Hypothesis 2.2 holds true. Due to
(10) and to (13), in L(B,B), we have
Pn(1Sn=ℓ·) =
1
(2π)d
∫
[−π,π]d
e−it∗ℓPnt (·) dt
=
1
(2π)d
∫
[−b,b]d
e−it∗ℓλnt Πt(·) dt+O(ϑn)
=
1
(2π)dn
d
2
∫
[−b√n,b√n]d
e
−it∗ ℓ√
nλnt/
√
nΠt/
√
n(·) dt +O(ϑn)
=
1
(2π)dn
d
2
∫
[−b√n,b√n]d
e
−it∗ ℓ√
nλnt/
√
n
2K∑
m=0
1
m!
Π
(m)
0 (·) ∗
t⊗m
n
m
2
dt+ o(n−K−
d
2 ) ,
due to the dominated convergence theorem since there exists xt/
√
n ∈ (0, t/
√
n) such that
Πt/
√
n(·) =
∑2K−1
m=0
1
m!Π
(m)
0 (·)∗ t
⊗m
n
m
2
+ 1(2K)!Π
(2K)
0 (xt/
√
n)∗ t
⊗2K
nK
. Recall that (λn/an)
(j)
0 = O(n
⌊j/P ⌋),
so ∣∣∣∣∣∣λnt/√n − at
M∑
j=0
1
j!
(λn/an)
(j)
0 ∗
t⊗j
n
j
2
∣∣∣∣∣∣ ≤ n⌊MP ⌋at |t|
M
n
M
2
η(t/
√
n) ,
with limt→0 η(t) = 0 and sup[−b,b]d |η| <∞. Due to (17), we obtain
Pn(1Sn=ℓ·) =
1
(2π)dn
d
2
∫
[−b√n,b√n]d
e
−it∗ ℓ√
n e−
1
2
Σ2∗t⊗2
2K∑
m=0
1
m!
Π
(m)
0 (·) ∗
t⊗m
n
m
21 + M∑
j=P
1
j!
(λn/an)
(j)
0 ∗
t⊗j
n
j
2
 dt+ o(n−K− d2)
=
2K∑
m=0
M∑
j=0
im+j
n
m+j+d
2 m! j!
Φ(m+j)
(
ℓ√
n
)
∗
(
Π
(m)
0 (·)⊗ (λn/an)(j)0
)
+ o(n−K−
d
2 ).
This combined with (9) and (19) gives (20).
We assume from now on that
∑
ℓ∈Zd |ℓ|2K(‖f(·, ℓ)‖ + ‖g(·, ℓ)‖B′ ). Recall that (λn/an)(j)0 is
polynomial in n of degree at most ⌊j/P ⌋. Hence, due to the dominated convergence theorem,
we can replace Φ(m+j)
(
ℓ′−ℓ√
n
)
in (20) by
2K−m−j+2⌊ j
P
⌋∑
r=0
1
r!n
r
2
Φ(m+j+r)(0) ∗ (ℓ′ − ℓ)⊗r .
Hence we have proved (21). 
Now, we come back to the case of Z2-periodic Sinai billiards, with the notations of Section 1.
3. Young towers for billiards
Recall that, in [30], Young constructed two dynamical systems (M˜, T˜ , µ˜) and (Mˆ, Tˆ , µˆ) and
two measurable functions π˜ : M˜ → M¯ and πˆ : M˜ → Mˆ such that
π˜ ◦ T˜ = T¯ ◦ π˜, π˜∗µ˜ = µ¯, πˆ ◦ T˜ = Tˆ ◦ πˆ, πˆ∗µ˜ = µˆ
and such that, for every measurable f : M¯ → C constant on every stable manifold, there exists
fˆ : Mˆ → C such that fˆ ◦ πˆ = f ◦ π˜. We consider the partition Dˆ on Mˆ constructed by Young in
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[30] together with the separation time given, for every x, y, by
s0(x, y) := min{n ≥ −1 : Dˆ(Tˆ n+1x) 6= Dˆ(Tˆ n+1y)}.
It will be worth noting that, for any x, y, the sets π˜πˆ−1{x} and π˜πˆ−1{y} are contained in the
same connected component of M¯ \⋃s0(x,y)k=0 T¯−kS0.
Let p > 1 and set q such that 1p +
1
q = 1. Let ε > 0 and β ∈ (0, 1) be suitably chosen and let
us define
‖fˆ‖ = sup
ℓ
‖fˆ|∆ˆℓ‖∞e
−ℓε + sup
Aˆ∈Dˆ
esssupx,y∈Aˆ
|fˆ(x)− fˆ(y)|
βs0(x,y)
e−ℓε.
Let B := {fˆ ∈ LqC(Mˆ, µˆ) : ‖fˆ‖ < ∞}. Young proved that the Banach space (B, ‖ · ‖) satisfies
‖ · ‖q ≤ ‖ · ‖, that the transfer opertor Pˆ on B (Pˆ being defined on Lq as the adjoint of the
composition by Tˆ on Lp) is quasicompact on B. We assume without any loss of generality (up
to an adaptation of the construction of the tower) that the dominating eigenvalue of Pˆ on B is
1 and is simple.
Since κ : M¯ → Z2 is constant on the stable manifolds, there exists κˆ : Mˆ → Z2 such that
κˆ ◦ πˆ = κ ◦ π˜. We set Sˆn :=
∑n−1
k=0 κˆ ◦ Tˆ k. For any u ∈ R2 and fˆ ∈ B, we set Pˆu(fˆ) := Pˆ (eiu∗κˆfˆ).
Proposition 3.1. t 7→ λt is an even function.
Proof. Let Ψ : M¯ → M¯ be the map which sends (q, ~v) ∈ M¯ to (q, ~v′) ∈ M¯ such that ̂(~n(q), ~v′) =
− ̂(~n(q), ~v). Then κ ◦ T¯ k ◦Ψ = −κ ◦ T¯−k−1. Hence, Sn as the same distribution (with respect to
µ¯) as −Sn and so
∀t ∈ [−b, b]2, Eµ[e−it∗Sn ] = Eµ[eit∗Sn ] ∼ λnt Eµˆ[Πt1] ∼ λn−tEµˆ[Π−t1]
as n goes to infinity, and so λ is even. 
Let Zmk be the partition of M¯ \
⋃m
j=k T¯
−j(S0) into its connected components. We also write
Z∞k :=
∨
j≥k Zjk.
Proposition 3.2. Let k be a nonnegative integer and let u, v : M¯ → C be respectively Zk−k-
measurable and Z∞−k-measurable functions.
Then there exists uˆ, vˆ : Mˆ → C such that u ◦ T¯ k ◦ π˜ = uˆ ◦ πˆ and v ◦ T¯ k ◦ π˜ = vˆ ◦ πˆ.
Moreover, uˆ ∈ B and for every t ∈ R, Pˆ 2kt (e−it∗Sˆk uˆ) = Pˆ 2k(eit∗Sˆk◦Tˆ
k
uˆ) and
‖Pˆ 2k(eit∗Sˆk◦Tˆ k uˆ)‖ ≤ (1 + 2β−1)‖u‖∞ , (22)
and
∀n > k, Eµ¯[u.eit∗Sn .v ◦ T¯ n] = Eµˆ[vˆ.eit∗Sˆk Pˆnt (e−it∗Sˆk uˆ)] . (23)
Proof. Using several times Pˆm(f.g ◦ Tm) = g.Pˆmf and Pˆmt = Pˆm(eitSˆm ·), we obtain
Eµ¯[u.e
it∗Sn .v ◦ T¯ n] = Eµ¯[u ◦ T¯ k.eit∗Sn ◦ T¯ k.v ◦ T¯ n+k]
= Eµˆ[uˆ.e
it∗Sˆn ◦ Tˆ k.vˆ ◦ Tˆ n]
= Eµˆ[Pˆ
n+k(uˆ.eit∗(Sˆn−k◦Tˆ
k+Sˆk◦Tˆn).vˆ ◦ Tˆ n)]
= Eµˆ[Pˆ
k(eit∗Sˆk vˆ.Pˆn(eit∗(Sˆn−k◦Tˆ
k).uˆ))]
= Eµˆ[Pˆ
k(eit∗Sˆk vˆ.Pˆnt (e
−it∗Sˆk uˆ))] ,
since Sˆn−k ◦ Tˆ k = Sˆn − Sˆk. Hence, we have proved (23) (since Pˆ preserves µˆ). 
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4. Proofs of our main results in the finite horizon case
We assume throughout this section that the billiard has finite horizon.
The Nagaev-Guivarc’h method [16, 17, 11] has been applied in this context by Sza´sz and
Varju´ [27] (see also [19]) to prove Hypotheses 2.1 and 2.2 hold for B0 = B the Young Banach
space. More precisely, we have the following.
Proposition 4.1 ([27, 19]). There exist a real b ∈ (0, π) and three C∞ functions t 7→ λt, t 7→ Πt
and t 7→ Nt defined on [−b, b]2 and with values in C, L(B,B) and L(B,B) respectively such that
(i) for every t ∈ [−b, b]2, Pˆnt = λnt Πt +Nnt and Π0 = Eµˆ[·], ΠtPˆt = PˆtΠt = λtΠt, Π2t = Πt;
(ii) there exists ϑ ∈ (0, 1) such that, for every positive integer m,
sup
t∈[−b,b]2
‖(Nn)(m)t ‖L(B,B) = O(ϑn) and sup
t∈[−π,π]2\[−b,b]2
‖Pˆnt ‖L(B,B) = O(ϑn);
(iii) we have λt = 1− 12Σ2 ∗ t⊗2 = O(|t|3);
(iv) there exists σ > 0 such that, for any t ∈ [−b, b]2, |λt| ≤ e−σ|t|2 and e− 12Σ2∗t⊗2 ≤ e−σ|t|2 .
Our first step consists in stating a high order expansion of the following quantity
Eµ¯[u.1Sn=ℓ.v ◦ T¯ n]
for u and v dynamically Lispchitz on M¯ . Let us recall that, due to (8), this result corresponds
to a mixing result for observables supported on a single cell. We start by studying this quantity
for some locally constant observables. This result is a refinement of [22, prop. 4.1] (see also [21,
prop 3.1]. Let Φ be the density function of B, which is given by Φ(x) = e
− (Σ
2)−1∗x⊗2
2
2π
√
det Σ2
.
4.1. A first local limit theorem. We set at := e
− 1
2
Σ2∗t⊗2 . Note that the uneven derivatives
of λ/a at 0 are null as well as its three first derivatives.
Proposition 4.2. Let K be a positive integer and a real number p > 1. There exists c > 0 such
that, for any k ≥ 1, if u, v : M¯ → C are respectively Zk−k-measurable and Z∞−k-measurable, then
for any n > 3k and ℓ ∈ Z2∣∣∣∣∣∣Eµ¯ [u1{Sn=ℓ}.v ◦ T¯ n]−
2K−2∑
m=0
1
m!
2K−2−m∑
j=0
im+2j
(2j)!
Φ(m+2j)
(
ℓ√
n
)
nj+1+
m
2
∗ (Am(u, v)⊗ (λn/an)(2j)0 )
∣∣∣∣∣∣
≤ ck
2K−1‖v‖p ‖u‖∞
nK+
1
4
, (24)
with, for every m ∈ {0, ..., 4K − 4},∣∣∣∣∣Am(u, v)− ∂m∂tm
(
Eµ¯[u.e
it∗Sn .v ◦ T¯ n]
λnt
)
|t=0
∣∣∣∣∣ ≤ cnmϑn−2k‖v‖p‖u‖∞ , (25)
|Am(u, v)| ≤ c km‖v‖p‖u‖∞ and (λn/an)(m)0 = O(nm/4). (26)
In particular, for K = 2, we obtain∣∣∣∣∣Eµ¯ [u1{Sn=ℓ}.v ◦ T¯ n]− Φ(
ℓ√
n
)
n
A0(u, v)− i
n
3
2
Φ′(
ℓ√
n
) ∗ A1(u, v)
+
1
n2
Φ”(
ℓ√
n
) ∗ A2(u, v)− A0(u, v)
n2
.Φ(4)
(
ℓ√
n
)
∗ (λn/an)(4)0
∣∣∣∣
≤ ck
3‖v‖p ‖u‖∞
n
9
4
.
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Remark 4.3. Due to (25) and (26), (24) can be rewritten as follows:∣∣∣∣∣Eµ¯ [u1{Sn=ℓ}.v ◦ T¯ n]−
4K−4∑
m=0
im
m!
Φ(m)( ℓ√
n
)
n1+
m
2
∗
(
e
n
2
Σ2∗t⊗2Eµ¯[u.eit∗Sn .v ◦ T¯ n]
)(m)
|t=0
∣∣∣∣∣
≤ ck
4K−4‖v‖p ‖u‖∞
nK+
1
4
.
Proof of Proposition 4.2. Since u ◦ T¯ k is Z2k0 -measurable and v ◦ T¯ k is Z∞0 -measurable, there
exist uˆ, vˆ : Mˆ → C such that uˆ ◦ πˆ = u ◦ T¯ k ◦ π˜ and vˆ ◦ πˆ = v ◦ T¯ k ◦ π˜, with uˆ ∈ B. As in the
proof of [22, Prop. 4.1], we set
Cn(u, v, ℓ) := Eµ¯[u.1{Sn=ℓ}.v ◦ T¯ n] .
Due to (23), we obtain
Cn(u, v, ℓ) =
1
(2π)2
∫
[−π,π]2
e−it∗ℓEµ¯[u.eit∗Sn .v ◦ T¯ n] dt
=
1
(2π)2
∫
[−π,π]2
e−it∗ℓEµˆ[eit∗Sˆk vˆ.Pˆnt (e
−it∗Sˆk uˆ)] dt . (27)
Let Ξk,t := e
it∗SˆkΠt(e−it∗Sˆk ·). We will write Ξ(m)k,0 for ∂
m
∂tm (Ξk,t)|t=0. Due to items (i) and (ii) of
Proposition 4.1 and due to (22), it comes
Cn(u, v, ℓ) =
1
(2π)2
∫
[−b,b]2
e−it∗ℓλn−2kt Eµˆ[e
it∗Sˆk vˆ.ΠtPˆ 2kt (e
−it∗Sˆk uˆ)] dt+O(ϑn−2k‖u‖∞.‖v‖p)
=
1
(2π)2
∫
[−b,b]2
e−it∗ℓλnt Eµˆ[vˆ.Ξk,tuˆ] dt+O(ϑ
n−2k‖u‖∞.‖v‖p) , (28)
since ΠtPˆt = λtΠt and Π
2
t = Πt so that
Ξk,t = λ
−2k
t e
it∗SˆkΠtPˆ 2kt (e
−it∗Sˆk ·) . (29)
Observe that
1
(2π)2
∫
[−b,b]2
|t|j |λt|n dt ≤ 1
(2π)2n
j+2
2
∫
[−b√n,b√n]2
|t|je−σ|t|2 dt , (30)
and so
Cn(u, v, ℓ) =
1
(2π)2
∫
[−b,b]2
e−it∗ℓλnt
2K−2∑
m=0
1
m!
Am(u, v) ∗ t⊗m dt+O
(
k2K−1‖v‖p ‖u‖∞
nK+
1
2
)
, (31)
with Am(u, v) := Eµˆ[vˆ.Ξ
(m)
k,0 uˆ]. Indeed Ξ
(2K−1)
k,s uˆ is a linear combination of terms of the form
eis∗Sˆk .(iSˆk)⊗a ⊗Π(b)s Pˆ 2k(⊗(iSˆk ◦ Tˆ k)⊗ceis∗Sˆk◦Tˆ
k
uˆ)⊗ (λ−2k)(d)s
over nonnegative integers a, b, c, d such that a + b + c + d = 2K − 1, and these terms are
in O(k2K−1‖u‖∞) in B, uniformly in k. Moreover, due to (29), to (23) and to Item (i) of
Proposition 4.1, we obtain
∀t ∈ [−b, b]2, Eµˆ[vˆ.Ξk,t.uˆ] = λ
n−2k
t Eνˆ [vˆ.e
it∗SˆkΠtPˆ 2kt (e−it∗Sˆk uˆ)]
λnt
=
Eµ¯[u.e
it∗Sn .v ◦ T¯ n]− Eµˆ[eit∗Sˆk vˆ.Nn−2kt Pˆ 2kt (e−it∗Sˆk uˆ)]
λnt
,
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so that
Eµˆ[vˆ.Ξ
(m)
k,0 .uˆ] =
(
Eµ¯[u.e
it∗Sn .v ◦ T¯ n]
λnt
)(m)
|t=0
+O
(
nmϑn−2k‖v‖p‖u‖∞
)
.
Recall that at = e
− 1
2
Σ2∗t⊗2 . Since the three first derivatives of λ and a coincide, we have
(λn/an)
(j)
0 = O(n
j/4) and∣∣∣∣∣∣λnt − ant
4K−4−2m∑
j=0
1
j!
(λn/an)
(j)
0 ∗ t⊗j
∣∣∣∣∣∣ ≤ cKn 4K−3−2m4 ant |t|4K−3−2m.
Due to the analogue of (30) with λt replaced by at, we obtain
Cn(u, v, ℓ) =
1
(2π)2
∫
[−b,b]2
e−it∗ℓe−
n
2
Σ2∗t⊗2
2K−2∑
m=0
1
m!
Am(u, v) ∗ t⊗m1 + 4K−4−2m∑
j=4
1
j!
(λn/an)
(j)
0 ∗ t⊗j
 dt+O(k2K−1‖v‖p ‖u‖∞
nK+
1
4
)
.
Note that
1
(2π)2
∫
[−b,b]2
e−it∗ℓe−
n
2
Σ2∗t⊗2t⊗m dt
=
1
(2π)2 n
m
2
+1
∫
[−b√n,b√n]2
e
−it∗ ℓ√
n e−
1
2
Σ2∗t⊗2t⊗m dt
=
im
n
m
2
+1
Φ(m)
(
ℓ√
n
)
+ o(n−K−
1
4 ). (32)
Hence we have proved that∣∣∣∣∣Eµ¯ [u1{Sn=ℓ}.v ◦ T¯ n]−
2K−2∑
m=0
im
m!
Φ(m)( ℓ√
n
)
n1+
m
2
∗ Am(u, v)
−
2K−2∑
m=0
4K−4−2m∑
j=4
im+j
m! j!n1+
m+j
2
Φ(m+j)
(
ℓ√
n
)
∗
(
Am(u, v) ⊗ (λn/an)(j)0
)∣∣∣∣∣∣
≤ ck
2K−1‖v‖p ‖u‖∞
nK+
1
4
,
and so (24) using (32) and the fact that the uneven derivatives of (λ/a) at 0 are null. 
4.2. Generalization.
Proposition 4.4. Let K be a positive integer. Let ξ0 ∈ (max(ξ, ϑ), 1). There exists c0 > 0 such
that, for every u, v : M¯ → C dynamically Lipschitz continuous functions, with respect to dξ with
ξ ∈ (0, 1) and for every ℓ ∈ Z2∣∣∣∣∣∣Eµ¯ [u1{Sn=ℓ}.v ◦ T¯ n]−
2K−2∑
m=0
1
m!
2K−2−m∑
j=0
im+2j
(2j)!
Φ(m+2j)
(
ℓ√
n
)
nj+1+
m
2
∗ (Am(u, v)⊗ (λn/an)(2j)0 )
∣∣∣∣∣∣
≤ c0 (log n)
4K−2
nK+
1
4
‖v‖(ξ) ‖u‖(ξ) , (33)
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with Am(u, v) such that∣∣∣Am(u, v)− (Eµ¯[u.eit∗Sn .v ◦ T¯ n]/λnt )(m)|t=0∣∣∣ ≤ c0‖u‖(ξ) ‖u‖(ξ)ξ(logn)20 (34)
and |Am(u, v)| ≤ c0‖u‖(ξ)‖v‖(ξ).
Proof. For every positive integer k, we define
uk := Eµ¯[u|Zk−k] and vk := E[v|Zk−k] .
Note that
‖u− uk‖∞ ≤ Lξ(u)ξk, ‖v − vk‖∞ ≤ Lξ(v)ξk ,
and ∣∣Eµ¯ [u1{Sn=ℓ}.v ◦ T¯ n]− Eµ¯ [uk1{Sn=ℓ}.vk ◦ T¯ n]∣∣ ≤ ‖u‖(ξ) ‖v‖(ξ)ξk .
Now we take k = kn = ⌈(log n)2⌉. Note that, for n large enough, n > 3kn. We set
Am,n(u, v) :=
(
Eµ¯[u.e
it∗Sn .v ◦ T¯ n]/λnt
)(m)
|t=0 .
Note that, for every integers k, n > 0,
|Am,n(u, v) −Am,n(uk, vk)‖ ≤
∥∥∥∥∥ ∂m∂tm
(
eit∗Sn
λnt
)
|t=0
∥∥∥∥∥
L1(µ¯)
‖u‖(ξ)‖v‖(ξ)ξk
≤ c˜mnm‖u‖(ξ)‖v‖(ξ)ξk .
For every integers n, n′ such that 0 < n ≤ n′ ≤ 2n, we have∣∣Am,n(u, v) −Am,n′(u, v)∣∣
≤ ∣∣Am,n(ukn , vkn)−Am,n′(ukn , vkn)∣∣+ (1 + 2m)c˜mnm‖u‖(ξ)‖v‖(ξ)ξkn
≤ Km‖u‖(ξ)‖v‖(ξ)ξkn0 ,
due to (25). Hence, we conclude that (Am,n(u, v))n is a Cauchy sequence so that Am(u, v) is
well defined and that
|Am(u, v)−Am,n(u, v)| ≤ Km‖u‖(ξ)‖v‖(ξ)
∑
j≥0
ξ
k
2jn
0 = O
(
‖u‖(ξ) ‖u‖(ξ)ξkn0
)
.
Since Applying Proposition 4.2 to the couple (u(kn), v(kn)) leads to (33). 
4.3. Proofs of our main results.
Theorem 4.5. Let f, g :M → R be two bounded observables such that∑
ℓ∈Z2
(‖f1Cℓ‖(ξ) + ‖g1Cℓ‖(ξ)) <∞ .
Then ∫
M
f.g ◦ T n dν
=
2K−2∑
m=0
1
m!
2K−2−m∑
j=0
im+2j
(2j)!
∑
ℓ,ℓ′∈Z2 Φ
(m+2j)
(
ℓ′−ℓ√
n
)
∗ (Am(uℓ, vℓ′))
nj+1+
m
2
∗ (λn/an)(2j)0 ) + o(n−K) ,(35)
with uℓ(q, ~v) = f(q + ℓ, ~v) and vℓ(q, ~v) = f(q + ℓ, ~v) and with Am(u, v) given by (34).
If moreover,
∑
ℓ∈Z2 |ℓ|2K−2(‖f1Cℓ‖(ξ) + ‖g1Cℓ‖(ξ)) <∞, then∫
M
f.g ◦ T n dν =
K−1∑
L=0
c˜L
n1+L
2K−2−2L∑
j=0
(−1)jΦ
(2j+2L)(0)
(2j)!nj
∗ (λn/an)(2j)0 + o(n−K) (36)
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with
c˜L(f, g) :=
∑
r,m≥0 : r+m=2L
im
m! r!
∑
ℓ,ℓ′∈Z2
(ℓ′ − ℓ)⊗r ⊗Am(uℓ, vℓ′) .
Since (λn/an)
(2j)
0 = O(n
j/2), we conclude that:
Remark 4.6. Assume
∑
ℓ∈Z2 |ℓ|2K−2(‖f1Cℓ‖(ξ) + ‖g1Cℓ‖(ξ)) < ∞ and
∫
M f.g dν = O(n
−K).
Then ∫
M
f.g dν =
Φ(2K−2)(0) ∗ c˜K−1(f, g)
nK
+ o(n−K) ,
and c˜K−1(f, g) = limn→+∞
(−1)K−1
(2K−2)!
∑
ℓ,ℓ′∈Z2 Eµ¯
[
uℓ.
∂2K−2
∂t2K−2
(
λ−nt e
it∗(Sn−(ℓ′−ℓ))
)
|t=0
.vℓ′ ◦ T¯ n
]
.
Corollary 4.7. Under the assumptions of Theorem 4.5 ensuring (36), using the fact that
(λ/a)
(2j)
0 = O(n
j/2), as in Remarks 2.6 and 4.3, if
∑
ℓ∈Z2 |ℓ|4K−4(‖f1Cℓ‖(ξ) + ‖g1Cℓ‖(ξ)) < ∞,
the right hand side of (36) can be rewritten
n−
d
2
∑
ℓ,ℓ′∈Z2
4K−4∑
L=0
Φ(L)(0)
L!
iL
∂L
∂tL
(
Eµ¯
[
uℓ.e
it∗ (Sn−(ℓ′−ℓ))√
n .vℓ′ ◦ T¯ n
]
e
1
2
Σ2∗t⊗2
)
|t=0
+ o(n−K) .
Proof of Theorem 4.5. We have∫
M
f.g ◦ T n dν =
∑
ℓ,ℓ′∈Z2
Eµ¯[uℓ1{Sn=ℓ′−ℓ}vℓ′ ◦ T¯ n].
Hence, (35) follows directly from Proposition 4.4. Due to the dominated convergence theorem,
lim
n→+∞n
K−1−m+j
2
∑
ℓ,ℓ′∈Z2
Φ(m+j)(ℓ′ − ℓ√
n
)
−
2K−2−m−(j/2)∑
r=0
Φ(m+j+r)(0)
r!
∗
(
ℓ′ − ℓ√
n
)⊗r
∗
(
(λn/an)
(j)
0 ⊗Am(uℓ, vℓ′)
)
= 0 ,
(where we used (26)) and to the fact that the uneven derivatives of Φ are null and that Φ(2k)(0) =
(−Σ2)⊗kΦ(0). Therefore∫
M
f.g ◦ T n dν =
2K−2∑
m=0
2K−2−m∑
r=0:r+m∈2Z
Φ(0)
m! r!
2K−2−m−r∑
j=0
(−1)j
(2j)!
(
(−Σ−2)⊗(j+m+r2 )
nj+1+
m+r
2
∗ (λn/an)(2j)0
)
∗
∑
ℓ,ℓ′∈Z2
im(ℓ′ − ℓ)⊗r ⊗Am(uℓ, vℓ′) + o(n−K) ,
which ends the proof of (36). 
Proof of Theorem 1.2. This comes from (36) combined with the fact that (λn/an)
(2j)
0 is a poly-
nomial in n of degree bounded by j/2. 
Proof of Theorem 1.3. Due to (36) of Theorem 4.5, we obtain (7) with
A˜2(f, g) = a2,0,0(f, g) + a0,2,0(f, g) + a1,1,0(f, g) ,
18 FRANC¸OISE PE`NE
where am,r,j(f, g) corresponds to the contribution of the (m, r, j)-term in the sum of the right
hand side of (36). Moreover, due to Proposition A.2,
a2,0,0(f, g) =
∑
ℓ,ℓ′∈Z2
A2(uℓ, vℓ′)
= − lim
n→+∞

∫
M
f dν
−1∑
j,m=−n
∫
M
g.(κ ◦ T j ⊗ κ ◦ Tm − Eµ¯[κ ◦ T¯ j ⊗ κ ◦ T¯m])] dν
+
∫
M
g dν
n−1∑
j,m=0
∫
M
f.[κ ◦ T j ⊗ κ ◦ Tm − Eµ¯[κ ◦ T j ⊗ κ ◦ Tm]] dν
+2
n−1∑
r=0
∫
M
f.κ ◦ T r dν ⊗
−1∑
m=−n
∫
M
g.κ ◦ Tm dν
+
∫
M
f dν
∫
M
g dν(Eµ¯[S
⊗2
n ]− nΣ2)
}
,
a0,2,0(f, g) = −
∑
ℓ,ℓ′∈Z2
A0(uℓ, vℓ′).(ℓ
′ − ℓ)⊗2 = −
∑
ℓ,ℓ′∈Z2
(ℓ′ − ℓ)⊗2
∫
Cℓ
f dν
∫
Cℓ′
g dν ,
a1,1,0(f, g) = −2i
∑
ℓ,ℓ′∈Z2
A1(uℓ, vℓ′)⊗ (ℓ′ − ℓ)
= 2 lim
n→+∞
 ∑
ℓ,ℓ′∈Z2
∫
Cℓ′
g dν
n−1∑
r=0
∫
Cℓ
f.((ℓ′ − ℓ)⊗ κ ◦ T r) dν
+
∑
ℓ,ℓ′∈Z2
∫
Cℓ
f dν
−1∑
m=−n
∫
Cℓ′
g.((ℓ′ − ℓ)⊗ κ ◦ Tm) dν
 .
For the contribution of the term with (m, r, j) = (0, 0, 2), note that
(λn/an)
(4)
0 = n(λ/a)
(4)
0 = n(λ
(4)
0 − 3(Σ2)⊗2).
Moreover, due to Proposition A.3,
λ
(4)
0 − 3(Σ2)⊗2 = limn→+∞
Eµ¯[S
⊗4
n ]− 3n2(Σ2)⊗2
n
+ 6Σ2 ⊗B0 = Λ4 .
Note that
a2,0,0(f, g) = − lim
n→+∞
{∫
M
f dν
∫
M
g((I0 − I−n)⊗2 − Eµ¯[S⊗2n ]) dν
+
∫
M
g dν
∫
M
f((In − I0)⊗2 − Eµ¯[S⊗2n ]) dν
+2
∫
M
f(In − I0) dν ⊗
∫
M
g(I0 − I−n) dν
−
∫
M
f dν
∫
M
g dνB0
}
,
a0,2,0(f, g) = −
∫
M
f.I⊗20 dν
∫
M
g dν −
∫
M
f dν
∫
M
g.I⊗20 dν + 2
∫
M
fI0 dν ⊗
∫
M
gI0 dν
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and
a1,1,0(f, g) = lim
n→+∞
{
2
∫
M
gI0 dν ⊗
∫
M
f(In − I0) dν − 2
∫
M
g dν
∫
M
f.I0 ⊗ (In − I0) dν
+2
∫
M
f dν
∫
M
g.I0 ⊗ (I0 − I−n) dν − 2
∫
M
fI0 dν ⊗
∫
M
g(I0 − I−n) dν
}
.
Hence we have proved (7) with
A˜2(f, g) := −
∫
M
f dν B˜−2 (g) −
∫
M
g dν B˜+2 (f) +
∫
M
f dν
∫
M
g dνB0 + 2B
+
1 (f)⊗B−1 (g) ,
with
B˜
+
2 (f) := limm→+∞
∫
M
f
(I⊗2m − E[S⊗2m ]) dν ,
B
−
2 (g) := limm→−∞
∫
M
g
(I⊗2m − E[S⊗2m ]) dν .

Remark 4.8. Let f, g :M → R be two bounded observables such that∑
ℓ∈Z2
|ℓ|4 (‖f1Cℓ‖(ξ) + ‖g1Cℓ‖(ξ)) <∞ (37)
Assume moreover that
∫
M f dν
∫
M g dν = 0 and that A˜2(f, g) = 0. Due to Remark 4.6,∫
M
f.g ◦ T n dν
=
(Σ−2)⊗2
2π
√
detΣ2n3
∗
∑
ℓ,ℓ′∈Z2
(
A4(uℓ, vℓ′)
24
+
A0(uℓ, vℓ′)
24
(ℓ′ − ℓ)⊗4 + iA1(uℓ, vℓ′)
6
⊗ (ℓ′ − ℓ)⊗3
−1
4
A2(uℓ, vℓ′)⊗ (ℓ′ − ℓ)⊗2 − i
6
A3(uℓ, vℓ′)⊗ (ℓ′ − ℓ)
)
+ o(n−3) ,
where uℓ(q, ~v) := f(q + ℓ, ~v) and vℓ(q, ~v) := g(q + ℓ, ~v).
Proof of Proposition 1.6. We apply Remark 4.8. Using the definitions of A0 and A1, we observe
that
∀ℓ, ℓ′ ∈ Z2, A0(uℓ, vℓ′) = A1(uℓ, vℓ′) = 0
(since Eµ¯[uℓ] = Eµ¯[vℓ′ ] = 0) and
∑
ℓ,ℓ′∈Z2
A4(uℓ, vℓ′) = A4
∑
ℓ∈Z2
uℓ,
∑
ℓ′∈Z2
vℓ′
 = 0 .
Moreover ∑
ℓ,ℓ′∈Z2
A3(uℓ, vℓ′)⊗ (ℓ′ − ℓ) =
∑
ℓ,ℓ′∈Z2
hℓqℓ′A3(f0, g0)⊗ (ℓ′ − ℓ) = 0
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since
∑
ℓ∈Z2 hℓ =
∑
ℓ qℓ = 0. Therefore∫
M
f.g ◦ T n dν
= −1
4
(Σ−2)⊗2
2π
√
detΣ2n3
∗
∑
ℓ,ℓ′∈Z2
A2(uℓ, vℓ′)⊗ (ℓ′ − ℓ)⊗2 + o(n−3)
=
1
2
(Σ−2)⊗2
2π
√
detΣ2n3
∗
∑
ℓ,ℓ′∈Z2
hℓqℓ′A2(f0, g0)⊗ ℓ⊗ ℓ′ + o(n−3)
=
1
2
(Σ−2)⊗2
2π
√
detΣ2n3
A2(f0, g0)⊗
∑
ℓ∈Z2
hℓ.ℓ⊗
∑
ℓ′∈Z2
qℓ′ .ℓ
′ + o(n−3)
= − (Σ
−2)⊗2
2π
√
detΣ2n3
∗
∑
j≥0
Eµ¯[f0.κ ◦ T¯ j]⊗
∑
m≤−1
Eµ¯[g0.κ ◦ T¯m]⊗
∑
ℓ∈Z2
hℓ.ℓ⊗
∑
ℓ′∈Z2
qℓ′ .ℓ
′
+ o(n−3)
= − (Σ
−2)⊗2
2π
√
detΣ2n3
∗
∑
j≥0
∫
M
fI0 ⊗ κ ◦ T j dν ⊗
∑
m≤−1
∫
M
gI0 ⊗ κ ◦ Tm dν
+ o(n−3) .

5. Proof of the mixing result in the infinite horizon case
Proof of Theorem 1.1. In [28], Sza´sz and Varju´ implemented the Nagaev-Guivarc’h perturbation
method via the Keller-Liverani theorem [12] to prove that Hypothesis 2.1 holds true for the
dynamical system (Mˆ , µˆ, Tˆ ) with the Young Banach space B, with B0 := L1(µˆ) and with λ
having the following expansion:
λt − 1 ∼ Σ2∞ ∗ (t⊗2) log |t| .
Hence Hypothesis 2.2 holds also true, with Θn =
√
n log n Id and with Y a gaussian random vari-
able with distributionN (0,Σ2∞) with density function Φ(x) = exp(−12(Σ2∞)−1∗x⊗2)/(2π
√
detΣ2∞).
Let kn := ⌈log2 n⌉. Let un(x) and vn(x) correspond to the conditional expectation of respec-
tively f and g over the connected component of M \⋃knm=−kn T−mS0 containing x. First note
that∫
M
f.g ◦ T n dν =
∫
M
un.vn ◦ T n dν +O
((
Lξ(f)
∫
M
|g| dν + Lξ(g)
∫
M
|f | dν
)
ξkn
)
. (38)
As noticed in Proposition 3.2, there exist fˆn, gˆn : Mˆ × Z2 → C such that
∀x˜ ∈ M˜, fˆn(πˆ(x˜), ℓ) = un(T¯ kn(π˜(x˜)) + ℓ) ,
∀x˜ ∈ M˜, gˆn(πˆ(x˜), ℓ) = vn(T¯ kn(π˜(x˜)) + ℓ) ,
with the notation (q, ~v) + ℓ = (q + ℓ, ~v) for every (q, ~v) ∈ M¯ . For n large enough, n > 3kn and,
due to (23), ∫
M
un.vn ◦ T n dν =
∑
ℓ,ℓ′∈Z2
Eµ¯[un(·+ ℓ).1Sn=ℓ′−ℓ.vn(T¯ n(·) + ℓ′)]
=
∑
ℓ,ℓ′∈Z2
1
(2π)2
∫
[−π,π]2
e−it∗(ℓ
′−ℓ)Eµ¯[un(·+ ℓ).eit∗Sn .vn(T¯ n(·) + ℓ′)]
=
∑
ℓ,ℓ′∈Z2
1
(2π)2
∫
[−π,π]2
e−it∗(ℓ
′−ℓ)Eµˆ[Gˆn,t(·, ℓ′)Pˆn−2knt Pˆ 2kn(Fˆn,t(·, ℓ))] dt ,
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where Fˆn,t, Gˆn,t : Mˆ → Z2 → C are the functions defined by
Fˆn,t(xˆ, ℓ) := fˆn(xˆ, ℓ).e
it∗Sˆkn (Tˆ kn (xˆ)),
Gˆn,t(xˆ, ℓ) := gˆn(xˆ, ℓ).e
it∗Sˆkn (xˆ).
Moreover supn,t ‖Pˆ 2knFˆn,t(·, ℓ)‖ ≤ (1 + 2β−1)‖f1Cℓ‖∞. Hence, due to Hypothesis 2.1,∫
M
un.vn ◦ T n dν
= O(ϑn−2kn) +
∑
ℓ,ℓ′∈Z2
1
(2π)2
∫
[−π,π]2
e−it∗(ℓ
′−ℓ)Eµˆ[Gˆn,t(·, ℓ′)λn−2knt ΠtPˆ 2kn(Fˆn,t(·, ℓ))] dt
= O(ϑn−2kn) +
∑
ℓ,ℓ′∈Z2
1
a2n(2π)
2
∫
[−anπ,anπ]2
e−iu∗
ℓ′−ℓ
an Eµˆ[Gˆn,u/an(·, ℓ′)λn−2knu/an Πu/an Pˆ 2kn(Fˆn,u/an(·, ℓ))] du
= o(a−2n ) +
∑
ℓ,ℓ′∈Z2
1
a2n(2π)
2
∫
[−anπ,anπ]2
Eµˆ[Gˆn,0(·, ℓ′)e−
1
2
Σ2∞∗u⊗2Π0Pˆ 2kn(Fˆn,u/an(·, ℓ))] du
= o(a−2n ) +
∑
ℓ,ℓ′∈Z2
1
a2n(2π)
2
∫
[−anπ,anπ]2
Eµˆ[Gˆn,0(·, ℓ′)]e−
1
2
Σ2∞∗u⊗2Eµˆ[Fˆn,0(·, ℓ))] du ,
where we used the change of variable u = an t with an :=
√
(n− 2kn) log(n− 2kn), and twice
the dominated convergence theorem. Therefore∫
M
un.vn ◦ T n dν = Φ(0)
a2n(2π)
2
∫
M
un dν
∫
M
vn dν + o(a
−2
n ) .
The conclusion of the theorem follows from this last formula combined with (38) and with the
facts that a2n ∼ n log n and that∫
M
un dν
∫
M
vn dν =
∫
M
f dν
∫
M
g dν ,
due to the dominated convergence theorem. 
Appendix A. Billiard with finite horizon: about the coefficients Am
Let Ws (resp. Wu) be the set of stable (resp. unstable) H-manifolds. In [6], Chernov defines
two separation times s+ and s− which are dominated by s and such that, for every positive
integer k,
∀W u ∈ Wu, ∀x¯, y¯ ∈W u, s+(T¯−kx¯, T¯−ky¯) = s+(x, y) + k,
∀W s ∈ Ws, ∀x¯, y¯ ∈W s, s−(T¯ kx¯, T¯ ky¯) = s−(x, y) + k.
Proposition A.1 ([6], Theorem 4.3 and remark after). There exist C0 > 0 and ϑ0 ∈ (0, 1) such
that, for every positive integer n, for every bounded measurable u, v : M¯ → R,∣∣Eµ¯[u.v ◦ T¯ n]− Eµ¯[u]Eµ¯[v]∥∥ ≤ C0 (L+u ‖v‖∞ + L−v ‖u‖∞ + ‖u‖∞‖v‖∞)ϑn0 ,
with
L+u := sup
Wu∈Wu
sup
x,y∈Wu, x 6=y
(|u(x)− u(y)|ξ−s+(x,y)),
and
L−v := sup
W s∈Ws
sup
x,y∈W s, x 6=y
(|v(x)− v(y)|ξ−s−(x,y)) .
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Note that
L+u ≤ Lξ(u1M¯ ), L−u ≤ Lξ(u1M¯ ) ,
L+
u◦T¯−k ≤ L+u ξk and L−v◦T¯ k ≤ L−v ξk .
We will set u˜ := u − Eµ¯[u] and v˜ := v − Eµ¯[v]. We will express the terms Am(u, v) for
m ∈ {1, 2, 3, 4} in terms of the follwing quantities:
B+1 (u) :=
∑
j≥0
Eµ¯[u.κ ◦ T j] , B−1 (v) :=
∑
m≤−1
Eµ¯[v.κ ◦ T¯m] ,
B+2 (u) :=
∑
j,m≥0
Eµ¯[u˜.κ ◦ T¯ j ⊗ κ ◦ T¯m] , B−2 (v) :=
∑
j,m≤−1
Eµ¯[v˜.κ ◦ T¯ j ⊗ κ ◦ T¯m] ,
B−0 (v) :=
∑
k≤−1
|k|Eµ¯[v˜.κ ◦ T¯ k] , B+0 (u) =
∑
k≥0
kEµ¯[u˜.κ ◦ T¯ k] ,
B0 := B
−
0 (κ) +B
+
0 (κ) =
∑
m∈Z
|m|Eµ¯[κ⊗ κ ◦ T¯m] ,
B+0,2(u) :=
∑
k,m≥0
max(k,m)Eµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m] .
B−0,2(v) :=
∑
k,m≥1
max(k,m)Eµ¯[v˜.κ ◦ T¯−k ⊗ κ ◦ T¯−m] ,
B+3 (u) :=
∑
k,r,m≥0
Eµ¯[u˜.κ ◦ T¯min(k,r,m)(
κ ◦ T¯max(k,r,m) ⊗ κ ◦ T¯med(k,r,m) − Eµ¯[κ ◦ T¯max(k,r,m) ⊗ κ ◦ T¯med(k,r,m)]
)
] ,
B−3 (v) :=
∑
m,r,s≤−1
Eµ¯[v˜.κ ◦ T¯max(m,r,s) ⊗(
κ ◦ T¯min(m,r,s) ⊗ κ ◦ T¯med(m,r,s) − Eµ¯[κ ◦ T¯min(m,r,s) ⊗ κ ◦ T¯med(m,r,s)]
)
] ,
with med(m, r, s) the mediane of (m, r, s).
Proposition A.2. Let u, v : M¯ → C be two dynamically Lipschitz continuous functions, with
respect to dξ with ξ ∈ (0, 1). Then
A0(u, v) = Eµ¯[u].Eµ¯[v] (39)
A1(u, v) = i lim
n→+∞Eµ¯[u.Sn.v ◦ T¯
n] = iB+1 (u)Eµ¯[v] + iB
−
1 (v)Eµ¯[u] (40)
A2(u, v) = lim
n→+∞(nEµ¯[u]Eµ¯[v]Σ
2 − Eµ¯[u.S⊗2n .v ◦ T¯ n]) (41)
= −2B+1 (u)⊗B−1 (v)− Eµ¯[v]B+2 (u)− Eµ¯[u]B−2 (v) + Eµ¯[u]Eµ¯[v]B0 , (42)
Moreover
A3(u, v) = lim
n→+∞
(
3inΣ2 ⊗ Eµ¯[u.Sn.v ◦ T¯ n]− iEµ¯[u.S⊗3n .v ◦ T¯ n]
)
= 3A1(u, v) ⊗B0 + 3iΣ2 ⊗
(
Eµ¯[u]B
−
0 (v) + Eµ¯[v]B
+
0 (u)
)
−iEµ¯[v]B+3 (u)− iEµ¯[u]B−3 (v)− 3iB−2 (v)⊗B+1 (u)− 3iB+2 (u)⊗B−1 (v) (43)
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and
A4(u, v) = lim
n→+∞Eµ¯[u.S
⊗4
n .v ◦ T¯ n] + (λ−n)(4)0 Eµ¯[u]Eµ¯[v] + 6nΣ2 ⊗ Eµ¯[u.S⊗2n .v ◦ T¯ n]
= 6B0A2(u, v) − 6Σ2 ⊗
(
Eµ¯[u]B
−
0,2(v)) − 6Eµ¯[v]B+0,2(u)
)
+Eµ¯[u]Eµ¯[v](A4(1,1) − 6B⊗20 )
−12Σ2 ⊗ (B+1 (u)⊗B−0 (v) +B−1 (v)⊗B+0 (u)−B+1 (u)⊗B−1 (v))
+4B+1 (u)⊗B−3 (v) + 6B+2 (u)⊗B−2 (v) + 4 B−1 (v)⊗B+3 (u) .
Proof. As in the proof of Theorem 4.4, we set
Am,n(u, v) :=
(
Eµ¯[v.e
it∗Sn .u ◦ T¯ n]/λnt
)(m)
|t=0 .
We will only use Proposition A.1 and the fact that λt = 1− 12Σ2 ∗ t⊗2 + 14!λ
(4)
0 ∗ t⊗4 + o(|t|4) to
compute Am(u, v) = limn→+∞Am,n(u, v).
• First we observe that A0,n(u, v) = Eµ¯[u.v ◦ T¯ n] and we apply Proposition A.1.
• Second,
A1,n(u, v) = iEµ¯[u.Sn.v ◦ T¯ n] = i
n−1∑
k=0
Eµ¯[u.κ ◦ T¯ k.v ◦ T¯ n]
= i
⌊n/2⌋∑
k=0
Eµ¯[u.κ ◦ T¯ k]Eµ¯[v] + i
n−1∑
⌊n/2⌋+1
Eµ¯[u]Eµ¯[v.κ ◦ T¯−(n−k)] +O
(
nϑ
n/2
0 ‖u‖(ξ)‖u‖(ξ)
)
= iEµ¯[v]
∑
k≥0
Eµ¯[u.κ ◦ T¯ k] + iEµ¯[u]
∑
m≤−1
Eµ¯[v.κ ◦ T¯m] +O
(
nϑ
n/2
0 ‖u‖(ξ)‖u‖(ξ)
)
,
where we used several times Proposition A.1, combined with the fact that Eµ¯[κ] = 0.
• Third,
A2,n(u, v) = −Eµ¯[u.S⊗2n .v ◦ T¯ n] + nΣ2Eµ¯[u]Eµ¯[v] (44)
= −
n−1∑
k,m=0
Eµ¯[u.(κ ◦ T¯ k ⊗ κ ◦ T¯m).v ◦ T¯ n] + nΣ2Eµ¯[u]Eµ¯[v]
= −
n−1∑
k,m=0
Eµ¯[u˜κ ◦ T¯ k ⊗ κ ◦ T¯m.v˜ ◦ T¯ n]
−
n−1∑
k,m=0
(
Eµ¯[u]Eµ¯[κ ◦ T¯ k ⊗ κ ◦ T¯mv˜ ◦ T¯ n] + Eµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m]Eµ¯[v]
)
+(nΣ2 −
n−1∑
k,m=0
Eµ¯[κ ◦ T¯ k ⊗ κ ◦ T¯m])Eµ¯[u]Eµ¯[v] (45)
– On the first hand
nΣ2 −
n−1∑
k,m=0
Eµ¯[κ ◦ T¯ k ⊗ κ ◦ T¯m] = n
∑
k∈Z
Eµ¯[κ⊗ κ ◦ T¯ k]−
n∑
k=−n
(n − |k|)Eµ¯[κ⊗ κ ◦ T¯ k]
=
∑
k∈Z
min(n, |k|)Eµ¯[κ⊗ κ ◦ T¯ k],
which converges to
∑
k∈Z |k|Eµ¯[κ⊗ κ ◦ T¯ k].
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– On the second hand, for 0 ≤ k ≤ m ≤ n, due to Proposition A.1 (treating separately
the cases k ≥ n/3, m− n ≥ n/3 et n−m ≥ n/3),
Eµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m.v˜ ◦ T¯ n] = Eµ¯[u˜.κ ◦ T¯ k]⊗ Eµ¯[v˜.κ ◦ T¯ n−m] +O(‖u‖(ξ)‖v‖(ξ)ϑn/30 ). (46)
Analogously
Eµ¯[κ ◦ T¯ k ⊗ κ ◦ T¯mv˜ ◦ T¯ n] = O(‖v‖(ξ)ϑ(n−k)/20 ) (47)
Eµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m] = O(‖u‖(ξ)ϑm/20 ) . (48)
Hence
n−1∑
k,m=0
Eµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m] = B+2 (u˜) +O(ϑn/20 ‖u‖(ξ)) ,
n−1∑
k,m=0
Eµ¯[κ ◦ T¯ k ⊗ κˆ ◦ T¯mv˜ ◦ T¯ n] = B−2 (v) +O(ϑn/20 ‖v‖(ξ) , (49)
and
n−1∑
k,m=0
Eµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m.v˜ ◦ T¯ n]
=
n−1∑
k=0
Eµ¯[u˜.κ
⊗2 ◦ T¯ k.v˜ ◦ T¯ n] + 2
∑
0≤k<m<n
Eµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m.v˜ ◦ T¯ n]

= 2
∑
0≤k<m<n
Eµ¯[u˜.(κ ◦ T¯ k)]⊗ Eµˆ[v˜.κ¯ ◦ T¯ n−m] +O(ϑn/20 ‖u‖(ξ)‖v‖(ξ))
= 2B+1 (u)⊗B−1 (v) +O(ϑn/20 ‖u‖(ξ)‖v‖(ξ)) ,
where we used the fact that Eµ¯[u˜.κ
⊗2 ◦ T¯ k.v˜ ◦ T¯ n] = O(‖u‖(ξ)‖v‖(ξ)ϑn/20 ).
Therefore we have proved (42).
• Let us prove (43). By bilinearity, we have
A3,n(u, v) = A3,n(u˜, v˜) + Eµ¯[u]A3,n(1, v˜) + Eµ¯[v]A3,n(u˜,1) + Eµ¯[u]Eµ¯[v]A3,n(1,1). (50)
Note that
A3,n(1,1) = −iEµ¯[S⊗3n ] = 0.
since (Sn)n has the same distribution as (−Sn)n (see the begining of the proof of Proposi-
tion 3.1). We will use the following notations: c(k,m,r) denotes the number of uples made
of k,m, r (with their multiplicities) and we will write
︷˜︸︸︷
F for F −Eµ¯[F ] when F is given
by a long formula.
– We start with the study of A3,n(u˜,1).
A3,n(u˜,1) = −iEµ¯[u˜.S⊗3n ] + 3inΣ2 ⊗ Eµ¯[u˜.Sn]
= −i
∑
0≤k≤m≤r≤n−1
ck,m,rEµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m ⊗ κ ◦ T¯ r] + 3inΣ2 ⊗ Eµ¯[u˜.Sn]
= −i
∑
0≤k≤m≤r≤n−1
ck,m,rEµ¯[u˜.κ ◦ T¯ k]⊗ Eµ¯[κ ◦ T¯m ⊗ κ ◦ T¯ r] + 3inΣ2 ⊗ Eµ¯[u˜.Sn]
−i
∑
0≤k≤m≤r≤n−1
ck,m,rEµ¯
 ˜︷ ︸︸ ︷u˜.κ ◦ T¯ k ⊗ ˜︷ ︸︸ ︷κ ◦ T¯m ⊗ κ ◦ T¯ r

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A3,n(u˜,1) (51)
= −3i
∑
k≥0
∑
m∈Z
max(0, n − |m| − k)Eµ¯[u˜.κ ◦ T¯ k]⊗ Eµ¯[κ.κ ◦ T¯m] + 3inΣ2 ⊗ Eµ¯[u˜.Sn]
−i
n−1∑
k,m,r=0
Eµ¯
 ˜︷ ︸︸ ︷u˜.κ ◦ T¯min(k,m,r) ⊗ ˜︷ ︸︸ ︷κ ◦ T¯med(k,m,r) ⊗ κ ◦ T¯max(k,m,r)

= 3i
∑
k≥0
∑
m∈Z
(|m|+ k)Eµ¯[u˜.κ ◦ T¯ k]⊗ Eµ¯[κ.κ ◦ T¯m]
−3in (B+1 (u)− Eµ¯[u˜.Sn])⊗ Σ2 − iB+3 (u˜) +O(ϑn/30 ‖u‖(ξ))
(52)
and so
A3,n(u˜,1) = −iB+3 (u˜) + 3iB+0 (u˜)⊗ Σ2 + 3iB0 ⊗B+1 (u˜) . (53)
– Analogously,
A3,n(1, v˜) = −iB−3 (v˜) + 3iB−0 (v˜)⊗ Σ2 + 3iB0 ⊗B−1 (v˜) . (54)
– Finally
A3,n(u˜, v˜) = −iEµ¯[u˜.S⊗3n .v˜ ◦ T¯ n] + 3i nΣ2 ⊗ Eµ¯[u˜.Sn.v˜ ◦ T¯ n]
= −i
n−1∑
k,m,r=0
Eµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m ⊗ κ ◦ T¯ r.v˜ ◦ T¯ n] + 3inΣ2 ⊗ A˜1,n(u˜, v˜)
= −i
n−1∑
k,m,r=0
Eµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m ⊗ κ ◦ T¯ r.v˜ ◦ T¯ n] +O(n2ϑn/20 ‖u‖(ξ)‖v‖(ξ)) .
Assume 0 ≤ k ≤ m ≤ r ≤ n − 1. Considering separately the cases k ≥ n/4,
m− k ≥ n/4, r −m ≥ n/4 and n− r ≥ n/4, we observe that
Eµ¯[u˜.κ ◦ Tˆ k ⊗ κ ◦ T¯m.⊗ κ ◦ T¯ r.v˜ ◦ T¯ n]
= Eµ¯[u˜.κ ◦ T¯ k]⊗ Eµ¯[v˜.κ ◦ T¯−(n−r) ⊗ κ ◦ T¯−(n−m)]
+Eµ¯[v˜.κ ◦ T¯−(n−r)]⊗ Eµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m] +O(ϑn/40 ‖v‖(ξ) ‖u‖(ξ)) . (55)
And so
A3,n(u˜, v˜) = −3iB+1 (u˜)B−2 (v˜)− 3iB−1 (v˜)B+2 (u˜) . (56)
This combined with (50), (53) and (54) leads to (43).
• It remains to prove (44). Observe first that
A4,n(u, v) = (λ
−n)(4)0 Eµ¯[u¯]Eµ¯[v¯] + 6nΣ
2 ⊗ Eµ¯[u.S⊗2n .v ◦ T¯ n] + Eµ¯[u.S⊗4n .v ◦ T¯ n]
= (λ−n)(4)0 Eµ¯[u¯]Eµ¯[v¯] + 6nΣ
2 ⊗ (nΣ2Eµ¯[u]Eµ¯[v]−A2,n(u, v)) + Eµ¯[u.S⊗4n .v ◦ T¯ n](57)
where we used (44). Note that
Eµ¯[u.S
⊗4
n .v ◦ T¯ n] = Eµ¯[u˜.S⊗4n .v˜ ◦ T¯ n] + Eµ¯[u]Eµ¯[S⊗4n .v˜ ◦ T¯ n]
+Eµ¯[v]Eµ¯[u˜.S
⊗4
n ] + Eµ¯[u]Eµ¯[v]Eµ¯[S
⊗4
n ]. (58)
We now study separately each term of the right hand side of this last formula.
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– First:
Eµ¯[u˜.S
⊗4
n .v˜ ◦ T¯ n]
=
n−1∑
k,m,r,s=0
Eµˆ[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m.κ ◦ T¯ r ⊗ κ ◦ T¯ s.v˜ ◦ T¯ n]
=
∑
0≤k≤m≤r≤s≤n−1
c(k,m,r,s)Eµ¯
u˜.κ ◦ T¯ k ⊗ ˜︷ ︸︸ ︷κ⊗ κ ◦ T¯ r−m ◦ T¯m.κ ◦ T¯ s.v˜ ◦ T¯ n

+
∑
0≤k≤m≤r≤s≤n−1
c(k,m,r,s)Eµ¯[u˜.κ ◦ T¯ k.κ ◦ T¯ s.v˜ ◦ T¯ n]⊗ Eµ¯[κ⊗ κ ◦ T¯ r−m] (59)
with c(k,m,r,s) the number of 4-uples made of k,m, r, s (with the same multiplicities).
Due to (46),∑
0≤k≤m≤r≤s≤n−1
c(k,m,r,s)Eµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯ s.v˜ ◦ T¯ n]⊗ Eµ¯[κ⊗ κ ◦ T¯ r−m]
=
∑
0≤k≤m≤r≤s≤n−1
c(k,m,r,s)Eµ¯[u˜.κ ◦ T¯ k]⊗ Eµ¯[v˜.κ ◦ T¯−(n−s)]⊗ Eµ¯[κ⊗ κ ◦ T¯ r−m] +O(n4ϑn/30 ‖u‖(ξ)‖v‖(ξ))
=
∑
k≥0
Eµ¯[u˜.κ ◦ T¯ k]⊗
∑
s≥1
Eµ¯[v˜.κ ◦ T¯−s]⊗
n−s∑
m=k
n−s∑
r=m
c(k,m,r,n−s)Eµ¯[κ⊗ κ ◦ T¯ r−m] +O(n4ϑn/30 ‖u‖(ξ)‖v‖(ξ))
=
∑
k≥0
Eµ¯[u˜.κ ◦ T¯ k]⊗
∑
s≥1
Eµ¯[v˜.κ ◦ T¯−s]⊗ 12Eµ¯[S⊗2n−s−k+1] +O(n4ϑn/30 ‖u‖(ξ)‖v‖(ξ))
=
∑
k≥0
Eµ¯[u˜.κ ◦ Tˆ k]⊗
∑
s≥1
Eµ¯[v˜.κ ◦ T¯−s]12((n − s− k + 1)Σ2 −
∑
r∈Z
|r|Eµˆ[κˆ⊗ κˆ ◦ Tˆ r] +O(n4ϑn/30 ‖u‖(ξ)‖v‖(ξ))
= 12B+1 (u˜)B
−
1 (v˜)
(
nΣ2 −
∑
r∈Z
|r|Eµˆ[κˆ⊗ κˆ ◦ Tˆ r]
)
−12
∑
k≥0
Eµ¯[u˜.κ ◦ T¯ k]⊗
∑
s≥1
Eµ¯[v˜.κ ◦ T¯−s](s+ k − 1)⊗ Σ2 +O(n4ϑn/30 ‖u‖(ξ)‖v‖(ξ)) . (60)
But, on the other hand, treating separately the cases k ≥ n/5, m−k ≥ n/5, r−m ≥
n/5, s− r ≥ n/5 and n− s ≥ n/5, we obtain that, for every 0 ≤ k ≤ m ≤ r ≤ s ≤ n,
Eµ¯
u˜.κ ◦ T¯ k ⊗ ˜︷ ︸︸ ︷κ⊗ κ ◦ T¯ r−m ◦ T¯m ⊗ κ ◦ T¯ s.v˜ ◦ T¯ n

= Eµ¯[u˜.κ ◦ T¯ k]⊗ Eµ¯[
˜︷ ︸︸ ︷
κ⊗ κ ◦ T¯ r−m ◦ T¯m ⊗ κ ◦ T¯ s.v˜ ◦ T¯ n]
+ Eµ¯[u˜.κ ◦ T¯ k ⊗ κˆ ◦ Tˆm]⊗ Eµ¯[κ ◦ T¯ r ⊗ κ ◦ T¯ s.v˜ ◦ T¯ n]
+ Eµ¯[u˜.κ ◦ T¯ k ⊗
˜︷ ︸︸ ︷
κ⊗ κ ◦ T¯ r−m ◦ T¯m]⊗ Eµ¯[κ ◦ T¯ s.v˜ ◦ T¯ n] +O(ϑn/50 ‖u‖(ξ)‖v‖(ξ)). (61)
Due to (48),
Eµ¯
 ˜︷ ︸︸ ︷κ.κ ◦ T¯ r−m ◦ T¯m.κ ◦ T¯ s.v˜ ◦ T¯ n
 = O(ϑn−m0 ‖u‖(ξ)‖v‖(ξ)) ,
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Eµ¯[u˜.κ ◦ T¯ k.
˜︷ ︸︸ ︷
κ.κ ◦ T¯ r−m ◦ T¯m]Eµ¯[κ ◦ T¯ s.v˜ ◦ T¯ n] = O(ϑm0 ϑn−s0 ‖u‖(ξ)‖v‖(ξ)) ,
Eµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m] = O(ϑm0 ‖u‖(ξ)).
Therefore∑
0≤k≤m≤r≤s≤n−1
c(k,m,r,s)Eµ¯[u˜.κ ◦ T¯ k ⊗
˜︷ ︸︸ ︷
κ ◦ T¯m ⊗ κ ◦ T¯m ⊗ κ ◦ T¯ s.v˜ ◦ T¯ n]
= 4
∑
k≥0
Eµ¯[u˜.κ ◦ T¯ k]B−3 (v˜) + 4B+3 (u˜)⊗
∑
s≥1
Eµ¯[κ ◦ T¯−s.v˜]
+6
∑
m,k≥0
Eµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m]⊗
∑
r,s≥1
E[v˜.κ ◦ T¯−r ⊗ κ ◦ T¯−s]
+O
(
ϑ
n/5
0 ‖u‖(ξ)‖v‖(ξ)
)
. (62)
Putting together (57), (59), (60) and (62) leads to
A4,n(u˜, v˜) = −12
∑
k≥0
Eµˆ[u˜.κ ◦ Tˆ k]
∑
s≥1
Eµˆ[κ ◦ T¯−s.v˜](s + k − 1)⊗ Σ2
+4B+1 (u)⊗B−3 (v˜) + 4 B−1 (v)⊗B+3 (u˜)
+6B+2 (u)⊗B−2 (v)− 12B+1 (u˜)⊗B−1 (v˜)⊗B0 +O
(
ϑ
n/5
0 ‖u‖(ξ)‖v‖(ξ)
)
(63)
– Second:
Eµ¯[u˜.S
⊗4
n ] =
∑
0≤k≤m≤r≤s≤n−1
c(k,m,r,s)Eµ¯
[
u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m ⊗ κ ◦ T¯ r ⊗ κ ◦ T¯ s
]
. (64)
But, due to (55), for 0 ≤ k ≤ m ≤ r ≤ s ≤ n− 1, we have
Eµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m ⊗ κ ◦ T¯ r ⊗ κ ◦ T¯ s]
= Eµ¯[u˜.κ ◦ T¯ k]⊗ Eµ¯[κ⊗ κ ◦ T¯ r−m ⊗ κ ◦ T¯ s−m]
+Eµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m]⊗ Eµ¯[κ⊗ κ ◦ T¯ s−r] +O(‖u‖(ξ)‖v‖(ξ)ϑs/30 ) .
Therefore
Eµ¯[u˜.S
⊗4
n ] = 4
∑
k≥0
Eµ¯[S
⊗3
n−k]
+6
∑
k,m≥0
∑
r∈Z
max(0, (n −max(k,m)− |r|))Eµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m]⊗ Eµ¯[κ⊗ κ ◦ T¯ r]
= 6nB+2 (u˜)⊗ Σ2 − 6
∑
k,m≥0
∑
r∈Z
(max(k,m) + |r|)Eµ¯[u˜.κ ◦ T¯ k ⊗ κ ◦ T¯m]⊗ Eµ¯[κ⊗ κ ◦ T¯ r]
since Eµ¯[S
⊗3
n ] = 0. It comes
Eµ¯[u˜.S
⊗4
n ] = 6nB
+
2 (u˜)⊗ Σ2 − 6B+0,2(u˜)⊗ Σ2 − 6B+2 (u˜)⊗B0 +O(ϑn/20 ) (65)
– Analogously,
Eµ¯[v˜ ◦ T¯ n.S⊗4n ] = 6nB−2 (v˜)⊗ Σ2 − 6B−0,2(v˜)⊗ Σ2 − 6B−2 (v˜)⊗B0 +O(ϑn/20 ) . (66)
Formula (44) follows from (58), (63), (65) and (66).

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Proposition A.3. The fourth derivatives of λ at 0 are given by
λ
(4)
0 = limn→+∞
Eµ¯[S
⊗4
n ]− 3n2(Σ2)⊗2
n
+ 3(Σ2)⊗2 + 6Σ2 ⊗B0 .
Proof. Derivating four times Eµ¯[e
it∗Sn ] = λnt Eµ¯[eit∗Sn/λnt ] leads to
Eµ¯[S
⊗4
n ] = (λ
n)
(4)
0 + 6(λ
n)
(2)
0 ⊗A2,n(1,1) +A4,n(1,1)
= nλ
(4)
0 + 3n(n− 1)(λ(2)0 )⊗2 + 6nλ(2)0 ⊗A2,n(1,1) +A4,n(1,1) ,
and we conclude due to (34) and due to λ
(2)
0 = −Σ2 (coming from Item (iii) of Proposition
4.1). 
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